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We present a counterexample concerning the cluster set of a sequence (x,)
iteratively generated by a relation of sort x,,.; = f(x,.). This counterexample
answers a question posed in 1970 by F. T. Metcalf and T. D. Rogers (J. Math.
Anal. Appl. 31 (1970), 206-212).

1. INTRODUCTION

An article by Metcalf and Rogers [1] concluded with the following problem:

For any given continuous application T of the metric space Y into itself, and for
any given point x,€ Y is it true that:

L =TY"?

& stands for the set of cluster points of the sequence (x,) defined by the recursive
relation x, ., = f(x,) from the point x, .
&’ stands for the derived set of £ (i.e., the set of accumulation points of £).

The answer is negative and we propose in this paper a counterexample.

This counterexample could not be simple, because if ¥’ £ T.¥’ then ¥’
is infinite [1, Theorem 3]. The inclusion ¥’ C T.%¥’ is always satisfied [I,
Lemme, p. 210] so the most simple schema we could hope for £’ was the
following:

#’ denumerable,
L=l e UL, L ={l,
T =y, I, by, b, 3 UL,
Tl =1,, neN*

* Université des Sciences et Techniques de Lille, Lille, France.
* A detailed study of the properties of .Z and various other counterexamples concerning
those problems are given in [2].
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This was possible and the space ¥ we are proposing is a subspace of R?,
hence verifying

Y' # o, Y'#£ &, Y"+# o, YO = o,

2. DESCRIPTION OF Y

Let
A:}(—;’"—, )lneN;U{(0,0) (372, 0)}
Bzg(—zln— {——)]mEN neN,m=n,
o~ |3 Amer].
D:%(—;—,—zl-—+2lm)\neN*meN*n<m 2n2,
|

E = (—1—+ L ! + 1)lneN"‘ meN¥n<m< 2ng

2m ’ 2n 2m

For any point X = (x, y) in the set B U E, we take a sequence (Xn),,;N of
points in R2, verifying:
(i) all the X, introduced in this operation are distinct,

(ii) for any given X = (x, y) € B U E the set {X,, | n € N} has a diameter
<y/4, and (X,) converges to X.

(This is to have the relation
U {XulneNY =BUEUA—{30)})
XeBUE

It is possible to define the X, , for example, in the following way:
if

£~ en

o= (), = G e )

if

N

L O L N W Y
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Then we propose:

Y=AUBUCUDUVEU () {X,|neN}.

XeBUE

F'is closed in R?, because any convergent sequence of points of ¥ possesses its
limit in F. With the distance of R? (e.g., d((x, ¥), (¥, %)) = ((x — #')? +
(y — ¥')*)'/2), F is a compact metric space.

3. DzscriprioN OoF T

The application T is defined in the following manner:

On A
7(0,0) = (0, 0),
T(3/2,0) = (0, 0),
T(/2m2,0) = (1/2",0), meN,
T(1,0) = (3/2,0).
On B
2 k)G mem

T(%’_ZE'T):(Z’}H +21}+2’21}+1+ znl+2)os neN.

3 1 1 1 1 1 1
T(z T 2m)*(2n T g T 2m+1)0’
neN* meN* n<m<2n—1,

T(g’,zlﬂ+ 212n)=(21n g 21,.)0, neN*.
On E

(3 303t ) (et g )

neN* meN* 1<n<m<2n—1,
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(g + g3+ o) = (e gr)s  meNT

On UXeB {Xn l ne N}

) B men
T(’%{’jlﬁ)p:(z—nl—‘f’jlﬁ)p’ neN*, meN, m>=n pelN.

On UXEE {Xn ] ne N}

T(EI'T*%W’TO.ITJF 2in),,:(2:—1 ’ 2:—1),,“’ neN%, peN,

T(‘2!77+?1m“’7177+ 21m ),a:(zﬂl—l +2':—1’2r}—1+ 2"}—1) ’

p+1
neN* meN* l<n<m<2n—1, peN.

To verify that T is continuous, we consider all converging sequences (Z,),.n
in Y and we discover that

lim TZ,, = T lim Z,, .

m-o m-0

Y is a metric space so this is sufficient to obtain continuity of 7.

4. SEQUENCE (%,}nen

The sequence (#,)qen is then defined from the point xy = (1, 1),. (See Fig. 1.)
T is constructed to have: {x,|neN} = Uyepue{X,|neN}UDUC.
So we have: ‘

L =BUEUA,
L' =4—{3 0}
TY = A.

And then: ¥’ = T.%".
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